Rigorous coupled spin-charge drift-diffusion equations are derived from quantum-kinetic equations for the spin-density matrix that incorporate effects due to k-linear spin-orbit interaction, an in-plane electric field, and the elastic scattering on nonmagnetic impurities. The explicit analytical solution for the induced magnetization exhibits a pole structure, from which the dispersion relations of spin excitations are identified. Applications of the general approach refer to the excitation of long-lived field-induced spin waves by optically generated spin and charge patterns. This approach transfers methods known in the physics of space-charge waves to the treatment of spin eigenmodes.
I. INTRODUCTION
itates over a homogeneous carrier ensemble, is generated by cross-linearly polarized pump pulses. By detuning the frequencies, a moving (oscillating) charge and/or spin pattern can be produced.
Most interesting both for basic research and the application point of view are weakly damped spin-charge eigenmodes of the semiconductor heterostructure. These excitations drastically change their character when an in-plane electric field acts simultaneously on spin and charge carriers. Similar to the traditional study of space-charge waves in crystals (see, for instance, Ref. 13) , the field-dependent spin modes can be identified and excited by an experimental set up that provides the appropriate wave vector. Such an approach can profit from methods developed in the field of space-charge waves in crystals.
It is the aim of this paper to systematically derive general spin-charge drift-diffusion equations for a semiconductor quantum well with a general k-linear SOI. Based on the rigorous analytical solution of these equations, a number of electric-field driven spin resonances are studied.
II. SOLUTION OF DRIFT-DIFFUSION EQUATIONS
In this section, we introduce the model, derive and solve general spin-charge coupled driftdiffusion equations for conduction-band electrons in an asymmetric semiconductor quantum well. Coupled spin and charge excitations are treated by an effective-mass Hamiltonian, which includes both SOI and short-range, spin-independent elastic scattering on impurities.
We are mainly interested in spin effects exerted by an in-plane electric field E = (E x , E y , 0).
The single-particle Hamiltonian
is expressed by carrier creation (a † ks ) and annihilation (a ks ) operators, the quantum numbers of which are the in-plane wave vector k = (k x , k y , 0) and the spin index s. In Eq. (1), ε k , ε F , and σ denote the energy of free electrons, the Fermi energy, and the vector of Pauli matrices, respectively. The strength u of elastic scattering can alternatively be characterized by the momentum-relaxation time τ . Contributions of the SOI are absorbed into the definition of the vector Ω(k). We restrict the treatment to linear-in k Rashba and Dresselhaus SOI terms, which result from the inversion asymmetry of the quantum-well confining potential and the lack of bulk inversion symmetry. For the combined Rashba-Dresselhaus model, the electricfield induced spin polarization depends on the orientation of the in-plane electric field.
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In addition, spin relaxation and spin transport are not only affected by the orientation of spins, but also by the spin-injection direction. 16 In order to be in the position to account for all cases of interest, we consider the general class of k-linear SOI expressed by
where α ij are spin-orbit coupling constants. 17 The most studied example is a semiconductor quantum well grown along the [001] direction. Under the condition that the Cartesian coordinate axes are chosen along the principal crystallographic directions, we have for the combined Rashba-Dresselhaus model α 11 = β, α 12 = α, α 21 = −α, and α 22 = −β, with α and β being the Rashba and Dresselhaus coupling constants, respectively. A change of the spin-injection direction is achieved by the transformation Ω ′ = UΩ(U −1 k), with U being a rotation matrix. 16 A particular configuration is obtained after a rotation around π/4, which leads to the SOI couplings: α 11 = 0, α 12 = α − β, α 22 = 0, and
Spin-related phenomena are completely captured by the spin-density matrix f ss ′ (k, κ|t), which is calculated from quantum-kinetic equations. 18, 19, 20, 21 Based on the Born approximation for elastic scattering and on low-order corrections of the SOI to the collision integral, Laplace-transformed kinetic equations are obtained for the physical components f = Tr f and f = Trσ f of the spin-density matrix. 18 In these equations, spin-dependent contributions to the collision integral are needed to guarantee that the spin system correctly approaches the state of thermodynamic equilibrium. A solution of the coupled kinetic equations is searched for in the long-wavelength and low-frequency regime. Systematic studies are possible under the condition of weak SOI, when a physically relevant evolution period exists, in which the carrier energy is already thermalized, although both the charge and spin densities still remain inhomogeneous. We shall focus on this regime, where the following ansatz for the spin-density matrix is justified:
The bar over the quantities f and f indicates an integration with respect to the polar angle of the vector k. In Eqs. (2) and (3), n(ε k ) denotes the Fermi function and n = dερ(ε)n(ε)
is the carrier density with ρ(ε) being the density of states of the 2DEG. By applying the outlined schema, spin-charge coupled drift-diffusion equations are straightforwardly derived for the macroscopic carrier density F (κ, t) and magnetization M (κ, t) = µ B F (κ, t) [with µ B = e /(2mc) being the Bohr magneton]. For the general class of SOI Ω = αk, we obtain the coupled set of equations
in which the matrix of spin-scattering times Γ, an effective magnetic field H ef f , and the determinant | α| of the matrix α appear. χ = µ 
By choosing ψ = −π/4 or ψ = π/4, the pure Rashba or pure Dresselhaus SOI is reproduced, respectively. For the spin scattering matrix, we have
in which the spin-scattering time τ s appears (1/τ s = 4DK
2 ) with D being the diffusion coefficient of the charge carriers. The electric field enters the drift-diffusion Eqs. (4) and (5) both directly and via an effective magnetic field
which is related to the SOI. This auxiliary field originates on the one hand from the in-plane electric field E and on the other hand from the inhomogeneity of spin and charge densities.
For the mobility µ, the Einstein relation holds µ = eDn ′ /n with n ′ = dn/dε F . Variants of Eqs. (4) and (5) have already been published previously. 6, 23, 24, 25, 26 An exact solution of the spin-charge coupled drift-diffusion Eq. (5) for the field-induced magnetization is easily derived for the case E ↑↑ κ. By applying a Laplace transformation with respect to the time variable t, we obtain the analytic solution
where
The inhomogeneity of the transformed Eq. (5) for the spin-density matrix is denoted by Q and has the form
Other quantities that appear in Eqs. (9) and (10) are defined by Σ = s − iµEκ + Dκ 2 and σ = Σ + 2/τ s , with s being the Laplace variable. The general solution in Eqs. (9) and (10) provides the basis for the study of numerous spin-related phenomena including effects of oscillating electric fields. Most important is the identification of spin excitations by treating the denominator D T , which is given by we focus on these long-lived spin states and study their dependence on an in-plane electric field.
III. STUDY OF FIELD-DEPENDENT EIGENMODES
In the second part of the paper, we present selected applications of the general approach presented in the previous section. We focus on spin effects on charge transport exerted by spin injection and on long-lived field-induced spin excitations probed by interference gratings.
A. Amplification of an electric field by spin injection
As a first application of our general approach, the charge-current density is studied on the basis of its definition
Taking into account Eq. (4) and the solution in Eqs. (9) and (10), the components of the conductivity tensor are straightforwardly calculated. Here, we are interested in combining the ac electric field with an external permanent spin-injection source that provides a generation rate G z (s) for the out-of-plane spin polarization.
Focusing on the linear response regime with respect to the in-plane electric field, an analytical expression for the conductivity tensor σ is obtained. In accordance with the applicability of the drift-diffusion approach, the derivation is restricted to the case, when the inequality n ′ /(τ n) ≪ 1 is satisfied. For the frequency-dependent (s → −iω) longitudinal and Hall conductivities, we obtain
with σ 0 = eµn. Other contributions to the charge transport, which are solely due to SOI, are much weaker than the retained terms originating from spin injection. This conclusion is illustrated by the curves (a) in Fig. 1 , which have been numerically calculated for the case G z = 0. Weak SOI leads only to a slight deviation of the longitudinal conductivities σ xx and σ yy from σ 0 . The spin effect completely disappears for the special Rashba-Dresselhaus model with α = β (ψ = 0). The situation drastically changes, when there is an appreciable permanent spin injection, which leads to additional contributions to the steady-state charge transport owing to the spin-galvanic effect. An example is shown by the curves (b) in Fig. 1 .
The striking observation is that Re σ yy becomes negative for frequencies below about 10 10 Hz.
This remarkable behavior is confirmed by the expression for the static conductivity
from which it is obvious that σ yy changes its sign for sufficiently strong spin injection. Therefore, we meet the particular situation that a paramagnetic medium, which usually absorbs energy from an ac electric field to produce a spin accumulation, is driven to another regime, where the ac field, which propagates in a given direction, is amplified by spin injection. This stimulated emission is similar to the microwave energy gain, which was recently predicted to occur in a paramagnetic medium with sufficiently large injection spin currents. 28 Based on their findings derived for rotating magnetic fields, the authors proposed a new concept for a spin-injection maser. Our result is in line with their conclusion.
B. Electric-field mediated spin excitations
As a second application of our general approach, we treat coupled spin-charge eigenstates that exist in a biased sample. Effects of this kind depend not only on the directions of the electric field and the spin injection, but also on the orientation of the crystallographic axes.
Here, we study the influence of an electric field on an optically generated standing spin lattice that is periodic along the κ + = (κ x + κ y )/ √ 2 direction. For simplicity, it is assumed that the spin generation provides a regular lattice for the out-of-plane spin polarization Inserting this source term into Eq. (10), we obtain for the related field-dependent magnetization the solution
the character of which is mainly determined by the poles calculated from the zeros of the denominator. Pronounced oscillations arise for the special Rashba-Dresselhaus model with α = β. In this case (g = 0), Eq. (18) is easily transformed to spatial and time variables with the result
where K = √ 2mα/ 2 and r + = (r x + r y )/ √ 2. In general, this solution describes damped oscillations of the magnetization. However, due to a spin-rotation symmetry, there appears an undamped soft mode, when the wave-vector component κ 0 of the imprinted spin lattice matches the quantity 2 √ 2K, which is a measure of the SOI. This eigenmode leads to long-lived oscillations of the magnetization. Numerical results, calculated from Eq. (18) , are shown in Fig. 2 . Under the ideal condition α = β and κ 0 = 2 √ 2K, the induced magne-tization rapidly reaches the value M z = Q z0 /2 (curve a) and remains constant afterwards.
However, any slight detuning of this special set of parameters sparks damped oscillations that can last for many nano-seconds. Examples are shown by the curves b and c in Fig. 2 .
The importance of such spin-coherent waves, especially their potential for future spintronic applications, has recently been emphasized by Pershin. 29 The long-lived spin waves that have been examined in this section are solely generated by an in-plane electric field. We see in them building blocks for future spintronic device applications that rely exclusively on electronic means for generating and manipulating spin.
IV. EXCITATION OF SPIN WAVES
Another wide research area that is covered by the spin-charge coupled drift-diffusion Eqs. (4) and (5) [or their solution in Eqs. (9) and (10)] refers to the response of the spin subsystem to space-charge waves in semiconductor nanostructures. To provide an example for this kind of studies, we focus in this section on spin waves that are excited by an optically induced moving charge-density grating. Two laser beams with a slight frequency shift between them produce a moving interference pattern on the surface of the semiconductor sample that leads to a periodic generation rate for electron and holes of the form
with a homogeneous part g 0 and a modulation g m . K g and Ω denote the wave vector and frequency of the grating. The generation rate g(x, t) causes electron [F (x, t)] and hole [P (x, t)] density fluctuations that have the same spatial and temporal periodicity as the source g(x, t). The dynamics of photogenerated electrons and holes is described by continuity equations, which encompass both carrier generation [g(x, t)] and recombination [r(x, t)] as well as drift and diffusion (see, for example, Ref. 30) . If the retroaction of spin on the carrier ensemble is neglected, we obtain the set of equations
where the current densities for electrons [J n (x, t)] and holes [J p (x, t)] are calculated from drift and diffusion contributions
In these equations, µ n and µ p (D n and D p ) denote the mobilities (diffusion coefficients) for electrons and holes, respectively. A constant electric field E 0 applied along the x direction is complemented by a space-charge field δE(x, t), which is calculated from unbalanced electron and hole densities via the Poisson equation
with ε being the dielectric constant. The optical grating leads to a weak modulation of the carrier densities around their mean value (F = F 0 + δF , P = P 0 + δP ). Due to the spincharge coupling manifest in Eqs. (4) and (5), charge-density waves are transferred to the spin degrees of freedom and vice versa. As the hole spin relaxation is rapid, the time evolution of the generated spin pattern can be interpreted in terms of the motion of electrons alone.
Consequently, the hole density is not considered in the equations for the magnetization.
In the absence of the optical grating, there is no out-of-plane spin polarization (F 0 z = 0). For the in-plane components, a short calculation leads to the result
which expresses the well-known effect of the electric-field mediated spin accumulation. 31, 32 In these equations, the spin-orbit coupling constants are denoted by K ij = 2mα ij / 2 . Besides this homogeneous spin polarization, there is a field-induced contribution, which is due to the optical grating. For the respective spin modulation, the harmonic dependence of the carrier generation in Eq. (20) via z = K g x − Ωt remains intact. In view of the periodic boundary condition that we naturally accept for the optically induced grating, it is expedient to perform a discrete Fourier transformation with respect to the z variable according to the prescription F (z) = p exp(ipz)F (p). The resulting equations for the Fourier coefficients of the magnetization are easily solved by perturbation theory with respect to the optically-induced electric field Y = δE/E 0 and spin δF contributions. For the field-dependent homogeneous spin components (p = 0), we obtain the solution
in which the p = 1 spin fluctuation occurs via the quantity
The scattering time τ E , which is provided by the constant electric field, is given by 1/τ E = µ n E 0 K g . The spin response described by Eqs. (28) to (31) (20) to (25) . The calculation has been performed in our previous work. 30 To keep our presentation self-contained, we present previously derived results that are needed for the calculation of the spin polarization. The relative electric-field modulation, which has the form
exhibits characteristic resonances at eigenmodes of space-charge waves given by
The damping of this mode
includes the Maxwellian relaxation time τ M = ε/4πσ d with σ d = eg 0 τ µ + and µ ± = µ n ± µ p .
The parameter α 1 in Eq. (33) depends on the electric field and is calculated from
The resonant amplification of dc and ac current components due to space-charge waves provides information useful for the determination of the lifetime and the mobilities of photogenerated electrons and holes in semiconductors.
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To continue the analysis of the spin response, the set of linear equations for the p = 1
Fourier coefficients of the spin vector must be solved. The analytic solution has the form
where Σ = Λ − i(1 + Ωτ E ) and Λ = D n K g /µ n E 0 . Again, the denominator D T in Eq. (36) is used for the identification of electric-field-induced eigenmodes of the spin system. For the specific set-up treated in this section, the general expression given in Eq. (12) reduces to the dimensionless form
The closed solution in Eqs. (28) 
in which two field-induced spin eigenmodes appear, the dispersion relations of which are expressed by Again the damping of one mode completely disappears under the condition
2 . This peculiarity gives rise to a pronounced resonance in the field dependence of the spin dynamics at µ n E 0max = Ω/(K g + K 21 ). Figure 3 illustrates this effect. Calculated is the in-plane spin modulation δF y (K g x − Ωt) = 2Re δF y (1) exp(iz). The smooth dashed line displays the response of the spin polarization to the optically generated moving chargedensity pattern for E 0 = 1kV/cm. The unpretentious signal is considerably enhanced under the resonance condition, when E 0 = E 0max = 2.67kV/cm (curve a in Fig. 3) . By changing the field strength a little bit [E 0 = E 0max + 100V/cm (curve b), E 0 = E 0max − 100V/cm (curve c)], the phase, amplitude, and frequency of the spin wave drastically change. This resonant influence of an electric field on the excited spin waves is a pronounced effect that is expected to show up in experiments. By applying a magnetic field, the resonant in-plane spin polarization is rotated to generate an out-of plane magnetization.
V. SUMMARY
The generation and manipulation of a spin polarization in nonmagnetic semiconductors by an electric field is a subject that has recently received considerable attention. All in-formation needed for the description of these field-induced spin effects are given by the spin-density matrix, the equation of motion of which is governed by the model Hamiltonian.
The SOI is the main ingredient in this approach. In spite of the fact that kinetic equations for the four-component spin-density matrix are straightforwardly derived, at least two subtle features have to be taken into account: (i) for the consistent treatment of scattering, its dependence on SOI must be considered, and (ii) to reproduce the well-known field-induced spin accumulation, third-order spin corrections have to be retained in the kinetic equations. In order to study macroscopic spin effects, it is expedient to suppress still existing superfluous information in the spin-density matrix by deriving spin-charge coupled drift-diffusion equations. Under the condition of weak SOI, we followed this program and derived Eqs. well with balanced Rashba and Dresselhaus SOI, for which a persistent spin helix has been identified. 6 Our final example establishes a relationship to the rich physics of space-charge waves. By considering a typical set-up for the optical generation of a moving charge pattern, the associated dynamics of the related spin degrees of freedom was treated. It was shown that the charge modulation can be used to excite intrinsic field-dependent spin waves.
This example demonstrates that the powerful methods developed in the field of space-charge waves can be transferred to the study of spin excitations.
